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Abstrat
We desribe the volume dependene of matrix elements of loal elds to all orders in
inverse powers of the volume (i.e. only negleting ontributions that deay exponentially
with volume). Using the saling Lee-Yang model and the Ising model in a magneti eld
as testing ground, we ompare them to matrix elements extrated in nite volume using
trunated onformal spae approah to exat form fators obtained using the bootstrap
method. We obtain solid onrmation for the form fator bootstrap, whih is dierent
from all previously available tests in that it is a non-perturbative and diret omparison
of exat form fators to multi-partile matrix elements of loal operators, omputed from
the Hamiltonian formulation of the quantum eld theory. We also demonstrate that
ombining form fator bootstrap and trunated onformal spae is an eetive method
for evaluating nite volume form fators in integrable eld theories over the whole range
in volume.
1 Introdution
The matrix elements of loal operators (form fators) are entral objets in quantum eld
theory. In two-dimensional integrable quantum eld theory the S matrix an be obtained ex-
atly in the framework of fatorized sattering (see [1, 2℄ for reviews), and using the sattering
amplitudes as input it is possible to obtain a set of axioms satised by the form fators [3℄,
whih provides the basis for the so-alled form fator bootstrap (see [4℄ for a review).
Although the onnetion with the Lagrangian formulation of quantum eld theory is rather






axioms determines the omplete loal operator algebra of the theory [5℄. This expetation was
onrmed in many ases by expliit omparison of the spae of solutions to the spetrum of
loal operators as desribed by the ultraviolet limiting onformal eld theory [6, 7, 8, 9℄; math-
ematial foundation is provided by the loal ommutativity theorem stating that operators
speied by solutions of the form fator bootstrap are mutually loal [4℄. Another important
piee of information omes from orrelation funtions: using form fators, a spetral repre-
sentation for the orrelation funtions an be built whih provides a large distane expansion
[10, 11℄, while the Lagrangian or perturbed onformal eld theory formulation allows one to
obtain a short-distane expansion, whih an then be ompared provided there is an overlap
between their regimes of validity [11℄. Other evidene for the orrespondene between the
eld theory and the solutions of the form fator bootstrap results from evaluating sum rules
like Zamolodhikov's c-theorem [12, 13℄ or the ∆-theorem [14℄, both of whih an be used to
express onformal data as spetral sums in terms of form fators. Diret omparisons with
multi-partile matrix elements are not so readily available, exept for perturbative or 1/N
alulations in some simple ases [3℄.
Therefore, part of the motivation of this paper is to provide non-perturbative evaluation
of form fators from the Hamiltonian formulation, whih then allows for a diret omparison
with solutions of the form fator axioms. Another goal is to have a better understanding of
nite size eets in the ase of matrix elements of loal operators, and to ontribute to the
investigation of nite volume [15℄ (and also nite temperature [16℄) form fators and orrelation
funtions.
Based on what we learned from our previous investigation of deay rates in nite volume
[17℄, in this paper we determine form fators using a formulation of quantum eld theory in
nite volume. In two spae-time dimensions this is most eiently done using the trunated
onformal spae approah (TCSA) developed by Yurov and Zamolodhikov [18℄, but one ould
have also made use of, for example, lattie eld theory: the only important point is to have a
method whih an be used to determine energy levels and matrix elements of loal operators as
funtions of the volume. We give a relation between nite and innite volume multi-partile
form fators, whih is a natural extension of the results by Lellouh and Lüsher for two-
partile deay matrix elements [19℄. It is used to determine form fators in two important
examples of integrable quantum eld theory: the saling Lee-Yang model and the Ising model
in a magneti eld. We show that these results agree very well with the preditions of the form
fator bootstrap. We only treat matrix elements of loal elds between multi-partile states
for whih there are no disonneted piees (whih appear whenever there are partiles with
oinident rapidities in the left and right multi-partile states); the treatment of disonneted
piees, together with a number of theoretial arguments and ramiations, are postponed to
a subsequent publiation [20℄.
The organization of the paper is as follows. In setion 2, after a brief review of neessary
fats onerning the form fator bootstrap we give the general desription of form fators
(without disonneted piees) to all orders in 1/L based on an analysis of two-point orrelation
funtions. Setion 3 desribes the two models we hose for demonstration, and also speies
the method of evaluating form fators from trunated onformal spae. Numerial results on
elementary form fators (vauummany-partile matrix elements) are given in setion 4, while
the general ase is treated in setion 5. We give our onlusions in setion 6.
2
2 Form fators in nite volume
2.1 Form fator bootstrap
Here we give a very brief summary of the axioms of the form fator bootstrap, in order to set
up notations and to provide bakground for later arguments; the interested reader is referred
to Smirnov's review [4℄ for more details. Let us suppose for simpliity that the spetrum of the
model onsists of partiles Ai, i = 1, . . . , N with masses mi, whih are assumed to be stritly
non-degenerate, i.e. mi 6= mj for any i 6= j (and therefore also self-onjugate). Beause of
integrability, multi-partile sattering amplitudes fatorize into the produt of pairwise two-
partile satterings, whih are purely elasti (in other words: diagonal). This means that
any two-partile sattering amplitude is a pure phase, whih we denote by Sij (θ) where θ is
the relative rapidity of the inoming partiles Ai and Aj . Inoming and outgoing asymptoti
states an be distinguished by ordering of the rapidities:
|θ1, . . . , θn〉i1...in =
{
|θ1, . . . , θn〉ini1...in : θ1 > θ2 > · · · > θn
|θ1, . . . , θn〉outi1...in : θ1 < θ2 < · · · < θn
and states whih only dier in the order of rapidities are related by
|θ1, . . . , θk, θk+1, . . . , θn〉i1...ikik+1...in = Sikik+1(θk − θk+1)|θ1, . . . , θk+1, θk, . . . , θn〉i1...ik+1ik...in
from whih the S matrix of any multi-partile sattering proess an be obtained. The nor-
malization of these states is speied by the following inner produt for the one-partile states:
j〈θ
′ |θ〉i = δij2πδ(θ
′ − θ)
The form fators of a loal operator O(t, x) are dened as
FOmn(θ
′
1, . . . , θ
′
m|θ1, . . . , θn)j1...jm;i1...in = j1...jm〈θ
′
1, . . . , θ
′
m|O(0, 0)|θ1, . . . , θn〉i1...in (2.1)
With the help of the rossing relations
FOmn(θ
′
1, . . . , θ
′
m|θ1, . . . , θn)j1...jm;i1...in =
FOm−1n+1(θ
′



















1, . . . , θ
′
m−1|θ1, . . . , θk−1, θk+1 . . . , θn)j1...jm−1;jmi1...ik−1ik+1...in
)
(2.2)
all form fators an be expressed in terms of the elementary form fators
FOn (θ1, . . . , θn)i1...in = 〈0|O(0, 0)|θ1 , . . . , θn〉i1...in
whih satisfy the following axioms:
I. Exhange:
FOn (θ1, . . . , θk, θk+1, . . . , θn)i1...ikik+1...in =
Sikik+1(θk − θk+1)FOn (θ1, . . . , θk+1, θk, . . . , θn)i1...ik+1ik...in (2.3)
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II. Cyli permutation:
FOn (θ1 + 2iπ, θ2, . . . , θn) = F
O




FOn+2(θ + iπ, θ
′






Si ik(θ − θk)
)








′ − iūjik/2, θ1, . . . , θn)i j i1...in = ΓkijFOn+1(θ, θ1, . . . , θn)k i1...in (2.6)
whenever k ours as the bound state of the partiles i and j, orresponding to a bound state
pole of the S matrix of the form







where Γkij is the on-shell three-partile oupling and u
k






j + 2mimj cos u
k
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and we also used the notation ūkij = π−ukij . Axioms I-IV are supplemented by the assumption
of maximum analytiity (i.e. that the form fators are meromorphi funtions whih only
have the singularities presribed by the axioms) and possible further onditions expressing
properties of the partiular operator whose form fators are sought.
2.2 Finite size orretions for form fators
















FOn (θ1, θ2, . . . , θn)i1...in ×
FO
′















n (θ1, θ2, . . . , θn)
+
i1...in
= i1...in〈θ1, . . . , θn|O′(0, 0)|0〉 = FO
′
n (θ1 + iπ, θ2 + iπ, . . . , θn + iπ)i1...in
(whih is just the omplex onjugate of FO
′
n for unitary theories) and r =
√
τ2 + x2 is the
length of the Eulidean separation vetor x̄ = (τ, x).
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In nite volume L, the spae of states an still be labeled by multi-partile states but
the momenta (and therefore the rapidities) are quantized. Denoting the quantum numbers
I1, . . . , In the two-point funtion of the same loal operator an be written as








〈0|O(0, 0)|{I1 , I2, . . . , In}〉i1...in,L ×









where we supposed that the nite volume multi-partile states |{I1, I2, . . . , In}〉i1...in,L are
orthonormal and for simpliity restrited the formula to separation in Eulidean time τ only.
The index L signals that the matrix element is evaluated in nite volume L. Using the nite
volume expansion developed by Lüsher in [21℄ one an easily see that
〈O(τ, 0)O′(0)〉 − 〈O(τ, 0)O′(0)〉L ∼ O(e−µL) (2.10)
where µ is some harateristi mass sale.
Note that Lüsher's nite volume expansion is derived using ovariant perturbation theory,
but the nal expansion is obtained after resummation in the oupling onstant, and is expeted
to hold non-perturbatively. The nite volume orretions are then expressed in terms of the
exat one-partile-irreduible vertex funtions of the innite volume theory. Aording to
Lüsher's lassiation of nite volume Feynman graphs, the dierene between the nite
and innite volume orrelation funtion is given by ontributions from graphs of nontrivial
gauge lass, i.e. graphs in whih some propagator has a nonzero winding number around the
ylinder. Suh graphs always arry an exponential suppression fator in L, whose exponent an
be determined by analyzing the singularities of the propagators and vertex funtions entering
the expressions. In a massive theory, all suh singularities lie away from the real axis of the
Mandelstam variables, and the one with the smallest imaginary part determines µ. It turns
out that the value of µ is determined by the exat mass spetrum of the partiles and also
the bound state fusions between them [21, 22℄. Therefore it is universal, whih means that
it is independent of the orrelation funtion onsidered. In general µ ≤ m1 where m1 is the
lightest partile mass (the mass gap of the theory), beause there are always orretions in
whih the lightest partile loops around the nite volume L, and so the mass shell pole of the
orresponding exat propagator is always present. Contributions from suh partile loops to
the vauum expetation value are evaluated in subsetion 4.1 (for a graphial representation
see gure 4.2), while an example of a nite volume orretion orresponding to a bound state
fusion (a so-alled µ-term) is disussed in subsetion 4.1.2 (gure 4.7).
To relate the nite and innite volume form fators a further step is neessary, beause
the integrals in the spetral representation (2.8) must also be disretized. Let us onsider this




















f(p1, . . . , pn)
where
pk = mik sinh θk , ωk = mik cosh θk
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g(p1, . . . , pn) +O(L
−N ) (2.11)
provided the funtion g and its rst N derivatives are integrable. Realling that form fators
are analyti funtions for real momenta, in our ase this is true for derivatives of any order,
due to the exponential suppression fator in the spetral integrals, provided the form fators
grow at most polynomially in the momentum, i.e.
|Fn(θ1 + θ, θ2 + θ, . . . , θn + θ)| ∼ ex|θ| as |θ| → ∞
This is true if we only onsider operators whih have a power-like short distane singularity
in their two-point funtions [24℄:
〈0|O(x̄)O(0)|0〉 = 1
r2∆
Suh operators are alled saling elds and are generally assumed to form a losed algebra
under the operator produt expansion.
Therefore the disrete sum diers from the ontinuum integral only by terms deaying
faster than any power in 1/L, i.e. by terms exponentially suppressed in L. Taking into
aount that (2.8) is valid for any pair O, O′ of saling elds, we obtain






(θ̃1, . . . , θ̃n)














mikL cosh θ̃k (2.13)
ρ
(0)
n is nothing else than the Jaobi determinant orresponding to hanging from the variables
2πIk to the rapidities θ̃k. The term O(e
−µ′L) signies that our onsiderations are valid to all
orders in 1/L, although our argument does not tell us the value of µ′: to do that, we would
need more information about the orretion term in the disretization (2.11).
In the ase of interating partiles a more areful analysis is neessary beause the quan-
tization rules are dierent from the free ase. In a two-dimensional integrable quantum eld
theory, general multi-partile levels are determined by the Bethe-Yang equations
Qk(θ̃1, . . . , θ̃n)i1...in = mikL sinh θ̃k +
∑
l 6=k
δikil(θ̃k − θ̃l) = 2πIk , k = 1, . . . , n (2.14)
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whih are valid to any order in 1/L, where
δij(θ) = −i logSij(θ) (2.15)
are the two-partile sattering phase-shifts. Therefore the proper generalization of (2.12) is
〈0|O(0, 0)|{I1 , . . . , In}〉i1...in,L =
1
√
ρi1...in(θ̃1, . . . , θ̃n)
FOn (θ̃1, . . . , θ̃n)i1...in +O(e
−µ′L) (2.16)
where
ρi1...in(θ1, . . . , θn) = detJ (n)(θ1, . . . , θn)i1...in (2.17)
J (n)kl (θ1, . . . , θn)i1...in =
∂Qk(θ1, . . . , θn)i1...in
∂θl
, k, l = 1, . . . , n
and θ̃k are the solutions of the Bethe-Yang equations (2.14) orresponding to the state with
the speied quantum numbers I1, . . . , In at the given volume L.
Similar arguments were previously used to obtain the nite size dependene of kaon deay
matrix elements by Lin et al. [25℄; they also give a more detailed analysis of the disretization
in (2.11). In priniple it ould be that µ′ < µ if the disretization introdues larger errors
than the nite size orretion of the two-point funtions. However, it is possible to give an
argument that atually µ′ = µ. Reall that the Poisson formula gives the disrete sum in terms
of a Fourier transform: the leading term is the Fourier transform of the summand evaluated
at wave number 0 (i.e. the integral) and the orretions are determined by the deay of the
Fourier transform at large wave numbers. The funtion we need to onsider is
h(p1, . . . , pn) =
∑
i1...in
ρi1...in(θ1, . . . , θn)
−1FOn (θ1, θ2, . . . , θn)i1...inF
O′













where pk = mik sinh θk are the momentum variables. Due to the analytiity of the form
fators for real rapidities, this funtion is analyti for physial (real) momenta, and together
with all of its derivatives deays more rapidly than any power at innity. Therefore its Fourier
transform taken in the momentum variables has the same asymptoti property, i.e. it (and its
derivatives) deay more rapidly than any power:
h̃(κ1, . . . , κn) ∼ e−µ
′′|κ|
for large κ. As a result, disretization introdues an error of order e−µ
′′L
. The asymptoti
exponent µ′′ of the Fourier transform an be generally determined by shifting the ontour
of the integral transform and is given by the position of the singularity losest to the real
momentum domain (this is essentially the proedure that Lüsher uses in [21℄). Singularities
of the form fators are given by the same analyti struture as that of the amplitudes whih
determine the exponent µ in eqn. (2.10) (see the disussion there). Thus we expet that
µ′′ = µ and, as a result, µ′ = µ.
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This argument is just an intuitive reasoning, although it an be made a little more preise.
First of all, we must examine whether the determinant ρi1...in(θ1, . . . , θn) an have any zeros.
It an always be written in the form








The leading fator an only be zero when θk =
iπ
2 for some k, whih orresponds to pk = imk,
giving µ′′ = mk in ase this is the losest singularity. That gives a orretion
e−mkL
whih is the same as the ontribution by an on-shell propagator wound around the nite vol-
ume, and suh orretions are already inluded in the e−µL term of (2.10). Another possibility
is that some phase-shift funtion δ(θ) in the O(1/L) terms ontributes a large term, whih
balanes the 1/L prefator. For that its argument must be lose to a singularity, and then
aording to eqn. (2.7) we an write
δ(θ) ∼ log(θ − u) ∼ O(L)
where u is the position of the singularity in the phase-shift1. This requires that the singularity
is approahed exponentially lose (as a funtion of the volume L), but the positions of all
these singularities are again determined by singularities of the vertex funtions, so this gives
no new possibilities for the exponent µ′′.
A further issue that an be easily heked is whether the Fourier integral is onvergent for





whih an only go wrong if for some k





whih is already farther from the real momentum domain then the position of the on-shell
propagator singularity.
Obtaining a sound mathematial proof requires applying Lüsher's nite volume expansion
diretly to form fators whih is out of the sope of the present work. The orretions omputed
in subsetion 4.1 an be onsidered as the simplest examples, but we intend to take this line
of investigation further in the future [26℄.
1
Stritly speaking, this argument only works in an integrable eld theory where we know the form (2.17)
of the determinant, and also know the singularity struture of the phase-shift δ: the two-partile S matrix
amplitude as a funtion of the rapidity an only have poles (possibly of higher order, but that does not aet
the main line of reasoning here).
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We also remark that there are no nite volume states for whih the quantum numbers of
any two of the partiles are idential. The reason is that
Sii(0) = −1
(with the exeption of free bosoni theories) and so the wave funtion orresponding to the
appropriate solution of the Bethe-Yang equations (2.14) vanishes. We an express this in
terms of form fators as follows:
〈0|O(0, 0)|{I1 , I2, . . . , In}〉i1...in,L = 0
whenever Ik = Il and ik = il for some k and l. Using this onvention we an assume that the
summation in (2.9) runs over all possible values of the quantum numbers without exlusions.
Note that even in this ase the relation (2.16) an be maintained sine due to the exhange
axiom (2.3)
FOn (θ̃1, . . . , θ̃n)i1...in = 0
whenever θ̃k = θ̃l and ik = il for some k and l.
It is also worthwhile to mention that there is no preferred way to order the rapidities on the
irle, sine there are no genuine asymptoti in/out partile ongurations. This means that
in relation (2.16) there is no preferred way to order the rapidities inside the innite volume
form fator funtion FOn . Dierent orderings are related by S-matrix fators aording to the
exhange axiom (2.3), whih are indeed phases. Suh phases do not ontribute to orrelation
funtions (f. the spetral representation (2.8)), nor to any physially meaningful quantity
derived from them. In subsetion 4.2.1 we show that relations like (2.16) must always be
understood to hold only up to physially irrelevant phase fators.
The quantity ρi1...in(θ1, . . . , θn) is nothing else than the density of states in rapidity spae.
It is also worthwhile to mention that relation (2.16) an be interpreted as an expression for
the nite volume multi-partile state in terms of the orresponding innite volume state as
follows
|{I1, . . . , In}〉i1...in,L =
1
√
ρi1...in(θ̃1, . . . , θ̃n)
|θ̃1, . . . , θ̃n〉i1...in (2.19)
This relation between the density and the normalization of states is a straightforward appli-
ation of the ideas put forward by Saleur in [27℄. Using the rossing formula (2.2), eqn. (2.19)
allows us to onstrut the general form fator funtions (2.1) in nite volume as follows:
j1...jm〈{I ′1, . . . , I ′m}|O(0, 0)|{I1 , . . . , In}〉i1...in,L =
FOm+n(θ̃
′
m + iπ, . . . , θ̃
′
1 + iπ, θ̃1, . . . , θ̃n)jm...j1i1...in
√
ρi1...in(θ̃1, . . . , θ̃n)ρj1...jm(θ̃
′




provided that there are no rapidities that are ommon between the left and the right states
i.e. the sets
{








are disjoint. The latter ondition is neessary to
eliminate disonneted piees.
We stress that eqns. (2.16, 2.20) are exat to all orders of powers in 1/L; we refer to the
orretions non-analyti in 1/L (eventually deaying exponentially as indiated) as residual
nite size eets, following the terminology introdued in [17℄.
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3 Form fators from trunated onformal spae
3.1 Saling Lee-Yang model
3.1.1 Trunated onformal spae approah for saling Lee-Yang model
We use the trunated onformal spae approah (TCSA) developed by Yurov and Zamolod-
hikov in [18℄. The ultraviolet onformal eld theory has entral harge c = −22/5 and a
unique nontrivial primary eld Φ with saling weights ∆ = ∆̄ = −1/5. The ylinder of




(τ − ix) , z̄ = exp 2π
L
(τ + ix) (3.1)
The eld Φ is normalized so that it has the following operator produt expansion:
Φ(z, z̄)Φ(0, 0) = C(zz̄)1/5Φ(0, 0) + (zz̄)2/5I+ . . . (3.2)
where I is the identity operator and the only nontrivial struture onstant is
C = 1.911312699 · · · × i





where Vh (V̄h) denotes the irreduible representation of the left (right) Virasoro algebra with
highest weight h.
The Hamiltonian of saling Lee-Yang model takes the following form in the perturbed
onformal eld theory framework:













is the onformal Hamiltonian. When λ > 0 the theory above has a single partile in its
spetrum with mass m that an be related to the oupling onstant as [28℄
λ = 0.09704845636 · · · ×m12/5 (3.4)






The S-matrix reads [29℄
SLY (θ) =
sinh θ + i sin 2π3
sinh θ − i sin 2π3
(3.6)
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where the negative sign is due to the nonunitarity of the model. In this model we dene the
phase-shift via the relation
SLY (θ) = −eiδ(θ) (3.7)
so that δ(0) = 0. This means a redenition of Bethe quantum numbers Ik in the Bethe-Yang
equations (2.17) suh they beome half-integers for states omposed of an even number of
partiles; it also means that in the large volume limit, partile momenta beome
m sinh θ̃k =
2πIk
L
Due to translational invariane of the Hamiltonian (3.3), the onformal Hilbert spae H an







the operator L0 − L̄0 generates Lorentz transformations and its eigenvalue is alled Lorentz
spin. For a numerial evaluation of the spetrum, the Hilbert spae is trunated by imposing
a ut in the onformal energy. The trunated onformal spae orresponding to a given
trunation and xed value s of the Lorentz spin reads
HTCS(s, ecut) =
{










|ψ〉 = e|ψ〉 : e ≤ ecut
}


















ij = 〈i|j〉 (3.9)
is the onformal inner produt matrix and
B
(s)
ij = 〈i|Φ(z, z̄)|j〉|z=z̄=1 (3.10)
is the matrix element of the operator Φ at the point z = z̄ = 1 on the omplex plane between
vetors |i〉, |j〉 from HTCS(s, ecut). The natural basis provided by the ation of Virasoro
generators is not orthonormal and therefore G(s)−1 must be inserted to transform the left
vetors to the dual basis. The Hilbert spae and the matrix elements are onstruted using
an algorithm developed by Kaush et al. and rst used in [30℄.
Diagonalizing the matrix hij we obtain the energy levels as funtions of the volume, with
energy and length measured in units of m. The maximum value of the uto ecut we used was
30, in whih ase the Hilbert spae ontains around one thousand vetors, slightly depending
on the spin.
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3.1.2 Exat form fators of the primary eld Φ
Form fators of the trae of the stress-energy tensor Θ were omputed by Al.B. Zamolodhikov
in [11℄, and using the relation
Θ = iλπ(1 −∆)Φ (3.11)
we an rewrite them in terms of Φ. They have the form












cosh θ − 1
cosh θ + 1/2





















The exat vauum expetation value of the eld Φ is
〈Φ〉 = 1.239394325 · · · × im−2/5







The funtions Qn are symmetri polynomials in the variables xi. Dening the elementary










i (x1, . . . , xn) , σ
(n)
i = 0 for i > n
they an be onstruted as
Q1 = 1 , Q2 = σ
(2)









n−1Pn , n > 3
Pn = detM(n) where M(n)ij = σ
(n)
3i−2j+1 , i, j = 1, . . . , n− 3
Note that the one-partile form fator is independent of the rapidity:
FΦ1 = 1.0376434349 · · · × im−2/5 (3.13)
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3.2 Ising model with magneti perturbation
The ritial Ising model is the desribed by the onformal eld theory with c = 1/2 and has
two nontrivial primary elds: the spin operator σ with ∆σ = ∆̄σ = 1/16 and the energy
density ǫ with ∆ǫ = ∆̄ǫ = 1/2. The magneti perturbation




is massive (and its physis does not depend on the sign of the external magneti eld h). The
spetrum and the exat S matrix is desribed by the famous E8 fatorized sattering theory
[31℄, whih ontains eight partiles Ai, i = 1, . . . , 8 with mass ratios given by
m2 = 2m1 cos
π
5
m3 = 2m1 cos
π
30
m4 = 2m2 cos
7π
30
m5 = 2m2 cos
2π
15
m6 = 2m2 cos
π
30
m7 = 2m4 cos
π
5
m8 = 2m5 cos
π
5
and the mass gap relation is [32℄




1 , κh = 0.06203236 . . . (3.14)
The bulk energy density is given by
B = −0.06172858982 · · · ×m21 (3.15)


















sinh θ + i sinπx
sinh θ − i sinπx (3.16)
All other amplitudes Sab are determined by the S matrix bootstrap [31℄; the only one we need






















To have an unambiguous denition of the quantum numbers Ii entering the Bethe-Yang equa-
tions (2.14), it is onvenient to dene phase shift funtions δab whih are ontinuous and odd




where δab is uniquely speied by ontinuity and the branh hoie
δab(0) = 0
and it is an odd funtion of θ due to the following property of the sattering amplitude:
Sab(θ)Sab(−θ) = 1
(whih also implies Sab(0) = ±1). The above redenition of the phase shift ompared to the
original one in eqn. (2.15) ontains as a speial ase the Lee-Yang denition (3.7) and also
entails appropriate redenition of quantum numbers depending on the sign of Sab(0).
3.2.1 Trunated fermioni spae approah for the Ising model























and similarly for the antiholomorphi eld ψ̄. The Hilbert spae is the diret sum of a ertain








The spin eld σ onnets the NS and R setors, and its matrix elements B
(s)
ij in the setor with
a given onformal spin s (f. eqn. (3.10)) an be most onveniently omputed in the fermioni
basis using the work of Yurov and Zamolodhikov [33℄, who alled this method the trunated
fermioni spae approah. The fermioni basis an easily be hosen orthonormal, and thus
in this ase the metris G(s) on the spin subspaes (f. eqn. (3.9)) are all given by unit
matries of appropriate dimension. Apart from the hoie of basis all the alulation proeeds
very similarly to the ase of the Lee-Yang model. Energy and volume is measured in units of
the lowest partile mass m = m1 and using relation (3.14) one an write the dimensionless
Hamiltonian in the form (3.8). The highest uto we use is ecut = 30, in whih ase the
Hilbert spae ontains around three thousand vetors (slightly depending on the value of the
spin hosen).
We remark that the energy density operator an be represented in the fermioni language
as
ǫ = ψ̄ψ
whih makes the evaluation of its matrix elements in the fermioni basis extremely simple.
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3.2.2 Form fators of the energy density operator ǫ
The form fators of the operator ǫ in the E8 model were rst alulated in [34℄ and their
determination was arried further in [35℄. The exat vauum expetation value of the eld ǫ
is given by [36℄
〈ǫ〉 = ǫh|h|8/15 , ǫh = 2.00314 . . .
or in terms of the mass sale m = m1
〈ǫ〉 = 0.45475 · · · ×m (3.17)
The form fators are not known for the general n-partile ase in a losed form, i.e. no
formula similar to that in (3.12) exists. They an be evaluated by solving the appropriate
polynomial reursion relations derived from the form-fator axioms. We do not present expliit
formulae here; instead we refer to the above papers. For pratial alulations we used the
results omputed by Delno, Grinza and Mussardo, whih an be downloaded from the Web
in Mathematia format [37℄.
Our interest in the Ising model is motivated by the fat that this is the simplest model in
whih form fators of an operator dierent from the perturbing one are known, and also its
spetrum and bootstrap struture is rather omplex, both of whih stands in ontrast with
the muh simpler ase of saling Lee-Yang model.
3.3 Evaluating matrix elements of a loal operator O in TCSA
3.3.1 Identiation of multi-partile states
Diagonalizing the TCSA Hamiltonian (3.8) yields a set of eigenvalues and eigenvetors at eah
value of the volume, but it is not immediately obvious how to selet the same state at dierent
values of the volume. Therefore in order to alulate form fators it is neessary to identify
the states with the orresponding many-partile interpretation.
Finding the vauum state is rather simple sine it is the lowest lying state in the spin-0
setor and its energy is given by
E0(L) = BL+ . . .
where the ellipsis indiate residual nite size eets deaying exponentially fast with volume
L and B is the bulk energy density whih in the models we onsider is exatly known (3.5,
3.15). One-partile states an be found using that their energies an be expressed as
E
(s)






+m2i + . . .
again up to residual nite size eets where s is the spin of the setor onsidered and i is the
speies label (every setor ontains a single one-partile state for eah speies).
Higher multi-partile states an be identied by omparing the measured eigenvalues to the
levels predited by the Bethe-Yang equations. Fixing speies labels i1, . . . , in and momentum
quantum numbers I1, . . . , In, eqns. (2.14) an be solved to give the rapidities θ̃1, . . . , θ̃n of the
partiles as funtion of the dimensionless volume parameter l = mL. Then the energy of the








mik cosh θ̃k + . . .
15
whih an be ompared to the spetrum.
For eah state there exists a range of the volume, alled the saling region, where L is large
enough so that the omitted residual nite size eets an be safely negleted and small enough
so that the trunation errors are also negligible. More preisely, the saling region for any
quantity depending on the volume an be dened as the volume range in whih the residual
nite size orretions and the trunation errors are of the same order of magnitude; sine both
soures of error show a dependene on the state and the partiular quantity onsidered (as
well as on the value of the uto), so does the exat position of the saling region itself.
In the saling region, we an use a omparison between the Bethe-Yang preditions and the
numerial energy levels to sort the states and label them by multi-partile quantum numbers.
An example is shown in gure 3.1, where we plot the rst few states in the spin-0 setor of the
saling Lee-Yang model and their identiation in terms of multi-partile states is given. In
this ase, the agreement with the predited bulk energy density and the Bethe-Yang levels in
the saling region is better than one part in 104 for every state shown (with the TCSA uto
taken at ecut = 30).
3.3.2 Evaluation of matrix elements
Suppose that we omputed two Hamiltonian eigenvetors as funtions of the volume L (labeled
by their quantum numbers in the Bethe-Yang desription (2.14), omitting the partile speies
labels for brevity):
|{I1, . . . , In}〉L =
∑
i
Ψi(I1, . . . , In;L)|i〉





1, . . . , I
′
k;L)|j〉
in the setor with spin s and spin s′, respetively. Let the inner produts of these vetors with




Ψi(I1, . . . , In;L)G
(s)












1, . . . , I
′
k;L)
It is important that the omponents of the left eigenvetor are not omplex onjugated. In
the Ising model we work in a basis where all matrix and vetor omponents are naturally real.
In the Lee-Yang model, the TCSA eigenvetors are hosen so that all of their omponents
Ψi are either purely real or purely imaginary depending on whether the basis vetor |i〉 is
an element of the h = h̄ = 0 or the h = h̄ = −1/5 omponent in the Hilbert spae. It
is well-known that the Lee-Yang model is non-unitary, whih is reeted in the presene of
omplex struture onstants as indiated in (3.2). This partiular onvention for the struture
onstants fores upon us the above inner produt, beause it is exatly the one under whih
TCSA eigenvetors orresponding to dierent eigenvalues are orthogonal. We remark that by
redening the struture onstants and the onformal inner produt it is also possible to use a
manifestly real representation for the Lee-Yang TCSA (up to some trunation eets that lead
to omplex eigenvalues in the viinity of level rossings [18℄). Note that the above onventions
mean that the phases of the eigenvetors are xed up to a sign.
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Figure 3.1: The rst 13 states in the nite volume spetrum of saling Lee-Yang model. We
plot the energy in units of m (with the bulk subtrated): e(l) = (E(L) − BL)/m, against
the dimensionless volume variable l = mL. n-partile states are labeled by |I1, . . . , In〉, where
the Ik are the momentum quantum numbers. The state labeled |2, 1,−3〉 is atually two-fold
degenerate beause of the presene of | − 2,−1, 3〉 (up to a splitting whih vanishes as e−l, f.
the disussion in subsetion 4.3). The dots are the TCSA results and the ontinuous lines are
the preditions of the Bethe-Yang equations (2.14). The points not belonging to any of the
Bethe-Yang lines drawn are two- and three-partile states whih are only partly ontained in
the rst 13 levels due to line rossings, whose presene is a onsequene of the integrability of
the model.
17
Let us onsider a spinless primary eld O with saling weights ∆O = ∆̄O, whih an be
desribed as the matrix
O
(s′,s)
ij = 〈i|O(z, z̄)|j〉|z=z̄=1 , |i〉 ∈ HTCS(s′, ecut) , |j〉 ∈ HTCS(s, ecut)
between the two trunated onformal spae setors. Then the matrix element of O an be
omputed as
















jl Ψl(I1, . . . , In;L) (3.18)
where the volume dependent prefator omes from the transformation of the primary eld O
under the exponential map (3.1) and we wrote the equation in a dimensionless form using the
mass sale m. The above proedure is a generalization of the one used by Guida and Magnoli
to evaluate vauum expetation values in [38℄; it was extended to one-partile form fators in
the ontext of the triritial Ising model by Fioravanti et al. in [39℄.
4 Numerial results for elementary form fators
4.1 Vauum expetation values and one-partile form fators
4.1.1 Saling Lee-Yang model
Before the one-partile form fator we disuss the vauum expetation value. Let us dene
the dimensionless funtion
φ(l) = −im2/5〈0|Φ|0〉L
where the nite volume expetation value is evaluated from TCSA using (3.18). We performed
measurement of φ as a funtion of both the uto ecut = 21 . . . 30 and the volume l = 1 . . . 30
and then extrapolated the uto dependene tting a funtion
φ(l, ecut) = φ(l) +A(l)e
−12/5
cut
(where the exponent was hosen by verifying that it provides an optimal t to the data). The
data orresponding to odd and even values of the uto must be extrapolated separately [17℄,
therefore one gets two estimates for the result, but they only dier by a very small amount (of
order 10−5 at l = 30 and even less for smaller volumes). The theoretial predition for φ(l) is
φ(l) = 1.239394325 · · · +O(e−l)
The numerial result (after extrapolation) is shown in gure 4.1 from whih it is lear that
there is a long saling region. Estimating the innite volume value from the attest part of
the extrapolated urve (at l around 12) we obtain the following measured value
φ(l = ∞) = 1.23938 . . .
where the numerial errors from TCSA are estimated to aet only the last displayed digit,
whih orresponds to an agreement within one part in 105.
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Figure 4.1: The vauum expetation value of Φ in nite volume. The dashed line shows the
exat innite volume value, while the ontinuous line orresponds to eqn. (4.1).












dθ cosh θ e−x cosh θ
is the modied Bessel-funtion, and the summation is over the partile speies i (there is only
a single term in the saling Lee-Yang model). This agrees very well with the numerial data, as
demonstrated in table 4.1 and also in gure 4.1. Using Lüsher's nite-volume perturbation
theory introdued in [21℄, the orretion term an be interpreted as the sum of Feynman
diagrams where there is exatly one propagator that winds around the ylinder, and therefore
eqn. (4.1) an be represented graphially as shown in gure 4.2.
To measure the one-partile form fator we use the orrespondene (2.16) between the
nite and innite volume form fators to dene the dimensionless funtion





where |{s}〉L is the nite volume one-partile state with quantum number I = s i.e. from the
spin-s setor. The theoretial predition for this quantity is
f̃ s1 (l) = 1.0376434349 · · · +O(e−l) (4.2)







Figure 4.2: Graphial representation of eqn. (4.1).












Table 4.1: Comparison of eqn. (4.1) to TCSA data
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Figure 4.3: One-partile form fator from setors with spin s = 0, 1, 2. The ontinuous line
shows the exat innite volume predition.
region gives the following estimates for the innite volume limit:
f̃01 (l = ∞) = 1.037654 . . .
f̃11 (l = ∞) = 1.037650 . . .
f̃21 (l = ∞) = 1.037659 . . .
whih show good agreement with eqn. (4.2) (the relative deviation is again around 10−5, as
for the vauum expetation value).
4.1.2 Ising model in magneti eld
For the Ising model, we again start with heking the dimensionless vauum expetation value








where m = m1 is the mass of the lightest partile and l = mL as before. The TCSA data
are shown in gure 4.4. Note that there is substantial dependene on the uto ecut and also
that extrapolation in ecut is really required to ahieve good agreement with the innite volume
limit. Reading o the plateau value from the extrapolated data gives the estimate
1
m
〈ǫ〉 = 0.4544 . . .
for the innite volume vauum expetation value, whih has 8 · 10−4 relative deviation from




















Figure 4.4: Measuring the vauum expetation value of ǫ in the Ising model
larger trunation errors than in the Lee-Yang ase. It is also lear from gure 4.4 that in order
to attain suitable preision in the Ising model extrapolation in the uto is very important.
Dening the funtion
φ̄(l) = 〈ǫ〉L/〈ǫ〉
we an alulate the leading exponential orretion using eqn. (4.1) and the exat two-partile
form fators from [37℄. It only makes sense to inlude partiles i = 1, 2, 3 sine the ontribution
of the fourth partile is subleading with respet to two-partile terms from the lightest partile
due to m4 > 2m1. The result is shown in gure 4.5; we do not give the data in numerial
tables, but we mention that the relative deviation between the predited and measured value
is better than 10−3 in the range 5 < l < 10.
From now on we normalize all form fators of the operator ǫ by the innite volume vauum
expetation value (3.17), i.e. we onsider form fators of the operator
Ψ = ǫ/〈ǫ〉 (4.3)
whih onforms with the onventions used in [35, 37℄. We dene the dimensionless one-partile
form fator funtions as









In the plots of gure 4.6 we show how these funtions measured from TCSA ompare to
preditions from the exat form fators for partiles i = 1, 2, 3 and spins s = 0, 1, 2, 3.
It is evident that the saling region sets in muh later than for the Lee-Yang model;
therefore for the Ising model we do not plot data for low values of the volume (all plots
start from l ∼ 10...15). This also means that trunation errors in the saling region are also
muh larger than in the saling Lee-Yang model; we generally found errors larger by an order
of magnitude after extrapolation in the uto. We remark that extrapolation improves the
preision by an order of magnitude ompared to the raw data at the highest value of the uto.
Note the rather large nite size orretion in the ase of A3. This an be explained
rather simply as the presene of a so-alled µ-term. We an again apply Lüsher's nite-
volume perturbation theory, whih we use in the form given by Klassen and Melzer in [22℄

















Figure 4.5: The volume dependene of the vauum expetation value of ǫ in the Ising model,
showing the extrapolated value and the predition from eqn. (4.1), normalized by the value
in the innite volume limit.
straightforward, and for a stati partile it gives the diagram depited in gure 4.7, whose
ontribution has the volume dependene





= 0.10453 · · · ×m1
i.e. we an expet a ontribution suppressed only by e−0.1l. A numerial t of the l-dependene
in the s = 0 ase is perfetly onsistent with this expetation. As a result, no saling region an
be found, beause trunation errors are too large in the volume range where the exponential
orretion is suitably small. We do not elaborate on this issue further here; we only mention
that starting from this point there are other interesting observations that an be made, and
we plan to return to them in a separate publiation [26℄.
4.2 Two-partile form fators
4.2.1 Saling Lee-Yang model
Following the ideas in the previous subsetion, we an again dene a dimensionless funtion
for eah two-partile state as follows:
f2(l)I1I2 = −im2/5〈0|Φ|{I1, I2}〉L , l = mL





FΦ2 (θ̃1(l), θ̃2(l)) +O(e
−l) (4.4)
where θ̃1(l), θ̃2(l) solve the Bethe-Yang equations
l sinh θ̃1 + δ(θ̃1 − θ̃2) = 2πI1

































































Figure 4.6: One-partile form fators measured from TCSA (dots) ompared to the innite-
volume predition from exat form fators. All numerial data have been extrapolated to
ecut = ∞ and s denotes the Lorentz spin of the state onsidered. The relative deviation in
the saling region is around 10−3 for A1 and A2; there is no saling region for A3 (see the






Figure 4.7: Leading nite size orretion (a so-alled µ-term) to the one-partile form fator
of A3, whih results from the proess of splitting up into two opies of A1 whih then wind
around the ylinder one before reombining into A3 again.
and the density of states is given by
ρ11(θ1, θ2) = l
2 cosh θ1 cosh θ2 + l cosh θ1ϕ(θ2 − θ1) + l cosh θ2ϕ(θ1 − θ2)




There is a further issue to take into aount: the relative phases of the multi-partile states are
a matter of onvention and the hoie made in subsetion 3.3.2 for the TCSA eigenvetors may
dier from the onvention adapted in the form fator bootstrap. Therefore in the numerial
work we ompare the absolute values of the funtions f2(l) omputed from TCSA with those
predited from the exat form fators. Note that this issue is present for any non-diagonal
matrix element, and was in fat taitly dealt with in the ase of one-partile matrix elements
treated in subsetion 4.1.1.
The predition (4.4) for the nite volume two-partile form fators is ompared with spin-0
states graphially in gure 4.8 and numerially in table 4.2, while the spin-1 and spin-2 ase is
presented in gure 4.9 and in table 4.3. These ontain no more than a representative sample
of our data: we evaluated similar matrix elements for a large number of two-partile states
for values of the volume parameter l running from 1 to 30. The behaviour of the relative
deviation is onsistent with the presene of a orretion of e−l type up to l ∼ 9 . . . 10 (i.e. the
logarithm of the deviation is very lose to being a linear funtion of l), and after l ∼ 16 . . . 18
it starts to inrease due to trunation errors. This is demonstrated in gure 4.10 using the
data presented in table 4.3 for spin-1 and spin-2 states2, but it is equally valid for all the other
states we examined. In the intermediate region l ∼ 10 . . . 16 the two soures of numerial
deviation are of the same order, and so that range an be onsidered as the optimal saling
2
Note that the dependene of the logarithm of the deviation on the volume is not exatly linear beause
the residual nite size orretion an also ontain a fator of some power of l, and so it is expeted that a log l
ontribution is also present in the data plotted in gure 4.10.
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Figure 4.8: Two-partile form fators in the spin-0 setor. Dots orrespond to TCSA data,
while the lines show the orresponding form fator predition.
region: aording to the data in the tables agreement there is typially around 10−4 (relative
deviation). It is also apparent that saling behaviour starts at quite low values of the volume
(around l ∼ 4 the relative deviation is already down to around 1%).
It an be veried by expliit evaluation that in the saling region the Bethe-Yang density of
states (ρ) given in (2.17) diers by orretions of relative magnitude 10−1−10−2 (analytially:
of order 1/l) from the free density of states (ρ0) in (2.13), and therefore without using the
proper interating density of states it is impossible to obtain the preision agreement we
demonstrated. In fat the observed 10−4 relative deviation orresponds to orretions of order
l−4 at l = 10, but it is of the order of estimated trunation errors3.
These results are very strong evidene for the main statement in (4.4) (and thus also
(2.16)), namely, that all 1/L orretions are aounted by the proper interating state density
fator and that all further nite size orretions are just residual nite size eets deaying
exponentially in L. In setion 4.3 we show that data from higher multi-partile form fators
fully support the above onlusions drawn from the two-partile form fators.
4.2.2 Ising model in magneti eld
In this ase, there is some further subtlety to be solved before proeeding to the numerial
omparison. Namely, there are spin-0 states whih are parity reetions of eah other, but
are degenerate aording to the Bethe-Yang equations. An example is the state |{1,−1}〉12
in gure 4.11 (b), whih is degenerate with |{−1, 1}〉12 to all orders in 1/L. In general the
degeneray of these states is lifted by residual nite size eets (more preisely by quantum
mehanial tunneling  a detailed disussion of this mehanism was given in the framework of
3
Trunation errors an be estimated by examining the dependene of the extrated data on the uto ecut,
as well as by omparing TCSA energy levels to the Bethe-Yang preditions.
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I1 = 1/2 , I2 = −1/2 I1 = 3/2 , I2 = −3/2 I1 = 5/2 , I2 = −5/2
l TCSA FF TCSA FF TCSA FF
2 0.102780 0.120117 0.058158 0.066173 0.039816 0.045118
4 0.085174 0.086763 0.058468 0.059355 0.042072 0.042729
6 0.056828 0.056769 0.050750 0.050805 0.039349 0.039419
8 0.036058 0.035985 0.042123 0.042117 0.035608 0.035614
10 0.023168 0.023146 0.034252 0.034248 0.031665 0.031664
12 0.015468 0.015463 0.027606 0.027604 0.027830 0.027828
14 0.010801 0.010800 0.022228 0.022225 0.024271 0.024267
16 0.007869 0.007867 0.017976 0.017972 0.021074 0.021068
18 0.005950 0.005945 0.014652 0.014645 0.018268 0.018258
20 0.004643 0.004634 0.012061 0.012050 0.015844 0.015827
Table 4.2: Two-partile form fators |f2(l)| in the spin-0 setor
















Figure 4.9: Two-partile form fators in the spin-1 and spin-2 setors. Dots orrespond to
TCSA data, while the lines show the orresponding form fator predition.
27
I1 = 3/2 , I2 = −1/2 I1 = 5/2 , I2 = −3/2 I1 = 5/2 , I2 = −1/2 I1 = 7/2 , I2 = −3/2
l TCSA FF TCSA FF TCSA FF TCSA FF
2 0.077674 0.089849 0.048170 0.054711 0.064623 0.074763 0.042031 0.047672
4 0.072104 0.073571 0.049790 0.050566 0.062533 0.063932 0.044034 0.044716
6 0.056316 0.056444 0.045031 0.045100 0.051828 0.052009 0.040659 0.040724
8 0.042051 0.042054 0.039191 0.039193 0.041370 0.041394 0.036284 0.036287
10 0.031146 0.031144 0.033469 0.033467 0.032757 0.032759 0.031850 0.031849
12 0.023247 0.023245 0.028281 0.028279 0.026005 0.026004 0.027687 0.027684
14 0.017619 0.017616 0.023780 0.023777 0.020802 0.020799 0.023941 0.023936
16 0.013604 0.013599 0.019982 0.019977 0.016808 0.016802 0.020659 0.020652
18 0.010717 0.010702 0.016831 0.016822 0.013735 0.013724 0.017835 0.017824
20 0.008658 0.008580 0.014249 0.014227 0.011357 0.011337 0.015432 0.015413
Table 4.3: Two-partile form fators |f2(l)| in the spin-1 and spin-2 setors









log |fFF2 (l)− fTCSA2 (l)|
l
Figure 4.10: Estimating the error term in (4.4) using the data in table 4.3. The various plot
symbols orrespond to the same states as speied in gure 4.9.
28
the k-folded sine-Gordon model in [41℄). Sine the nite volume spetrum is parity symmetri,




(|{1,−1}〉12, L ± |{−1, 1}〉12, L)
Beause the Hilbert spae inner produt is positive denite, the TCSA eigenvetors |{1,−1}〉±12
an be hosen orthonormal and the problem an be resolved by alulating the form fator




|{1,−1}〉+12, L ± |{1,−1}〉−12, L
)
Beause the Ising spetrum is muh more ompliated than that of the saling Lee-Yang model
(and trunation errors are larger as well), we only identied two-partile states ontaining two
opies of A1 , or an A1 and an A2. The numerial results are plotted in gures 4.11 (a) and






l sinh θ̃1 + δ11(θ̃1 − θ̃2) = 2πI1
l sinh θ̃2 + δ11(θ̃2 − θ̃1) = 2πI2
ρ11(θ1, θ2) = l









l sinh θ̃1 + δ12(θ̃1 − θ̃2) = 2πI1
m2
m1




l2 cosh θ1 cosh θ2 + l cosh θ1ϕ12(θ2 − θ1) +
m2
m1









Although (as we already noted) trunation errors in the Ising model are muh larger than
in the Lee-Yang ase, extrapolation in the uto improves them by an order of magnitude
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ompared to the evaluation at the highest uto (in our ase 30). After extrapolation, devia-
tions in the saling region beome less than 1% (with a minimum of around 10−3 in the A1A1,
and 10−4 in the A1A2 ase), and even better for states with nonzero total spin. As noted
in the previous subsetion this means that the numeris is really sensitive to the dependene
of the partile rapidities and state density fators on the interation between the partiles;
generally the trunation errors in the extrapolated data are about two orders of magnitude
smaller than the interation orretions.
It is a general tendeny that the agreement is better in the setors with nonzero spin, and
the saling region starts at smaller values of the volume. This is easy to understand for the
energy levels, sine for low-lying states nonzero spin generally means higher partile momenta.
The higher the momenta of the partiles, the more the Bethe-Yang ontributions dominate
over the residual nite size eets. This is onsistent with the results of Rummukainen and
Gottlieb in [42℄ where it was found that resonane phase shifts an be more readily extrated
from setors with nonzero momentum; our data show that this observation arries over to
general matrix elements as well.
4.3 Many-partile form fators
4.3.1 Saling Lee-Yang model
We also performed numerial evaluation of three and four-partile form fators in the saling
Lee-Yang model; some of the results are presented in gures 4.12 and 4.13, respetively. For
the sake of brevity we refrain from presenting expliit numerial tables; we only mention
that the agreement between the numerial TCSA data and the predition from the exat form




ρk(θ̃1, . . . , θ̃k)〈0|Φ|{I1, . . . , Ik}〉L , l = mL
for whih relation (2.16) gives:
f̃k(l)I1...Ik = −im2/5FΦk (θ̃1, . . . , θ̃k) +O(e−l) (4.5)
Due to the fat that in the Lee-Yang model there is only a single partile speies, we introdued
the simplied notation ρn for the n-partile Jaobi determinant.
The ompliation noted in subsetion 4.2.2 for the Ising state |{1,−1}〉12 is present in
the Lee-Yang model as well. The Bethe-Yang equations give degenerate energy values for
the states |{I1, . . . , Ik}〉L and |{−Ik, . . . ,−I1}〉L (as noted before, the degeneray is lifted by
quantum mehanial tunneling). For states with nonzero spin this auses no problem, beause
these two states are in setors of dierent spin (their spins dier by a sign) and similarly there
is no diulty when the two quantum number sets are idential, i.e.
{I1, . . . , Ik} = {−I1, . . . ,−Ik}
sine then there is a single state. However, there are states in the zero spin setor (i.e. with
∑
k Ik = 0) for whih
{I1, . . . , Ik} 6= {−I1, . . . ,−Ik}
We use two suh pairs of states in our data here: the three-partile states |{3,−1,−2}〉L,










































Figure 4.11: Two-partile form fators in the Ising model. Dots orrespond to TCSA data,
while the lines show the orresponding form fator predition.
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Again, the members of suh pairs are related to eah other by spatial reetion, whih is a sym-
metry of the exat nite-volume Hamiltonian and therefore (supposing that the eigenvetors
are orthonormal) the nite volume eigenstates orrespond to
|{I1, . . . , Ik}〉±L =
1√
2
(|{I1, . . . , Ik}〉L ± |{−Ik, . . . ,−I1}〉L)
and this must be taken into aount when evaluating the form fator matrix elements. In
the Lee-Yang ase, however, the inner produt is not positive denite (and some nonzero
vetors may have zero length, although this does not happen for TCSA eigenvetors, beause
they are orthogonal to eah other and the inner produt is non-degenerate), but there is a
simple proedure that an be used in the general ase. Suppose the two TCSA eigenvetors
orresponding to suh a pair are v1 and v2. Then we an dene their inner produt matrix as
gij = viG
(0)vj
using the TCSA inner produt (3.9). The appropriate basis vetors of this two-dimensional
subspae, whih an be identied with |{I1, . . . , Ik}〉L and |{−Ik, . . . ,−I1}〉L, an be found by
solving the two-dimensional generalized eigenvalue problem
g · w = λP · w






This proedure has the eet of rotating from the basis of parity eigenvetors to basis vetors
whih are taken into eah other by spatial reetion.
4.3.2 Ising model in a magneti eld
As we already noted, it is muh harder to identify
4
higher states in the Ising model due to the
omplexity of the spetrum, and so we only performed an analysis of states ontaining three
A1 partiles. We dene
f̃111 (l)I1I2I3 =
√
ρ111(θ̃1(l), θ̃2(l), θ̃3(l))〈0|Ψ|{I1, I2, I3}〉111
where θ̃i(l) are the solutions of the three-partile Bethe-Yang equations in (dimensionless)
volume l and ρ111 is the appropriate 3-partile determinant. The results of the omparison
an be seen in gure 4.14. The numerial preision indiated for two-partile form fators at
the end of subsetion 4.2.2, as well as the remarks made there on the spin dependene apply
here as well; we only wish to emphasize that for A1A1A1 states with nonzero total spin the
agreement between the extrapolated TCSA data and the form fator predition in the optimal
part of the saling region is within 2× 10−4.
4
To identify A1A1A1 states it is neessary to use at least ecut = 22 or 24 and even then the agreement with
the Bethe-Yang predition is still only within 20%, but the identiation an be made for the rst few A1A1A1
states using data up to ecut = 30. Trunation errors are substantially dereased by extrapolation to ecut = ∞.
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Figure 4.12: Three-partile form fators in the spin-0 setor. Dots orrespond to TCSA data,
while the lines show the orresponding form fator predition.













Figure 4.13: Four-partile form fators in the spin-0 setor. Dots orrespond to TCSA data,


















Figure 4.14: Three-partile form fators in the Ising model. Dots orrespond to TCSA data,
while the lines show the orresponding form fator predition.
5 General form fators without disonneted piees
Let us onsider a matrix element of the form
j1...jm〈{I ′1, . . . , I ′m}|O(0, 0)|{I1 , . . . , In}〉i1...in,L
Disonneted piees are known to appear when there is at least one partile in the state on
the left whih ours in the state on the right with exatly the same rapidity. The rapidities
of partiles as a funtion of the volume are determined by the Bethe-Yang equations (2.14)
Qk(θ̃1, . . . , θ̃n)i1...in = mikL sinh θ̃k +
∑
l 6=k




1, . . . , θ̃
′







k − θ̃′l) = 2πI ′k , k = 1, . . . ,m
Due to the presene of the sattering terms ontaining the phase shift funtions δ, equality of
two quantum numbers Ik and I
′
l does not mean that the two rapidities themselves are equal
in nite volume L. It is easy to see that there are only two ases when exat equality of some
rapidities an our:
1. The two states are idential, i.e. n = m and
{j1 . . . jm} = {i1 . . . in}
{I ′1, . . . , I ′m} = {I1, . . . , In}
in whih ase all the rapidities are pairwise equal, or
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2. Both states are parity symmetri states in the spin zero setor, i.e.
{I1, . . . , In} ≡ {−In, . . . ,−I1}
{I ′1, . . . , I ′m} ≡ {−I ′m, . . . ,−I ′1}
and the partile speies labels are also ompatible with the symmetry, i.e. in+1−k = ik
and jm+1−k = jk. Furthermore, both states must ontain one (or possibly more, in a
theory with more than one speies) partile of quantum number 0, whose rapidity is then
exatly 0 for any value of the volume L due to the symmetri assignment of quantum
numbers.
Disussion of suh matrix elements raises many interesting theoretial onsiderations and is
postponed to the followup paper [20℄; here we only onentrate on matrix elements for whih
there are no disonneted ontributions.
5.1 Saling Lee-Yang model























ρn(θ̃1, . . . , θ̃n)〈{I ′1, . . . , I ′k}|Φ(0, 0)|{I1 , . . . , In}〉L










k + iπ, . . . , θ̃
′
1 + iπ, θ̃1, . . . , θ̃n)
√
ρn(θ̃1, . . . , θ̃n)ρk(θ̃
′









= −im2/5FΦk+n(θ̃′k + iπ, . . . , θ̃′1 + iπ, θ̃1, . . . , θ̃n) +O(e−l) (5.1)
For the plots we hose to display f or f̃ depending on whih one gives a better visual piture.
The numerial results shown here are just a fration of the ones we atually obtained, but
all of them show an agreement with preision 10−4 − 10−3 in the saling region (the volume
range orresponding to the saling region typially varies depending on the matrix element
onsidered due to variation in the residual nite size orretions and trunation eets).
The simplest ases involve one and two-partile states: the one-partileone-partile data
in gure 5.1 atually test the two-partile form fator FΦ2 , while the one-partiletwo-partile
plot 5.2 orresponds to FΦ3 (we obtained similar results on F
Φ
4 using matrix elements f22).
Note that in ontrast to the omparisons performed in subsetions 4.2 and 4.3, these ases
involve the form fator solutions (3.12) at omplex values of the rapidities. In general, all
tests performed with TCSA an test form fators at rapidity arguments with imaginary parts
0 or π, whih are the only parts of the omplex rapidity plane where form fators eventually
orrespond to physial matrix elements.
One-partilethree-partile and one-partilefour-partile matrix elements f13 and f14 on-
tribute another piee of useful information. We reall that there are pairs of parity-related
35













Figure 5.1: One-partileone-partile form fators in Lee-Yang model. Dots orrespond to
TCSA data, while the lines show the orresponding form fator predition.














Figure 5.2: One-partiletwo-partile form fators in Lee-Yang model. Dots orrespond to
TCSA data, while the lines show the orresponding form fator predition.
36














Figure 5.3: One-partilethree-partile form fators in Lee-Yang model. Dots orrespond to
TCSA data, while the lines show the orresponding form fator predition.
states in the spin-0 fators whih we annot distinguish in terms of their elementary form
fators. In subsetion 4.3 we showed the example of the three-partile states
|{3,−1,−2}〉L and |{2, 1,−3}〉L
and the four-partile states
|{7/2, 1/2,−3/2,−5/2}〉L and |{5/2, 3/2,−1/2,−7/2}〉L
In fat it is only true that they annot be distinguished if the left state is parity-invariant.
However, using a one-partile state of nonzero spin on the left it is possible to distinguish and
appropriately label the two states, as shown in gures 5.3 and 5.4. This an also be done using
matrix elements with two-partile states of nonzero spin: the two-partilethree-partile ase
f23 is shown in 5.5 (similar results were obtained for f24). Examining the data in detail shows
that the identiations provided using dierent states on the left are all onsistent with eah
other.
It is also interesting to note that the f14 (gure 5.4) and f23 data (gure 5.5) provide a test
for the ve-partile form fator solutions F5. This is important sine it is progressively harder
to identify many-partile states in the TCSA spetrum for two reasons. First, the spetrum
itself beomes more and more dense as we look for higher levels; seond, the trunation errors
grow as well. Both of these make the identiation of the energy levels by omparison with
the preditions of the Bethe-Yang equations more diult; in the Lee-Yang ase we stopped
at four-partile levels. However, using general matrix elements and the relations (5.1) we an
even get data for form fators up to 8 partiles, a sample of whih is shown in gures 5.6 (f33
and f44, orresponding to 6 and 8 partile form-fators) and 5.7 (f34 whih orresponds to 7
partile form fators).
5.2 Ising model in magneti eld
In the ase of the Ising model, we dene the funtions
f̃j1...jm;i1...in(l) =
√
ρi1...in(θ̃1, . . . , θ̃n)ρj1...jm(θ̃
′
1, . . . , θ̃
′
m)× j1...jm〈{I ′1, . . . , I ′m}|Ψ|{I1, . . . , In}〉i1...in,L
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Figure 5.4: One-partilefour-partile form fators in Lee-Yang model. Dots orrespond to
TCSA data, while the lines show the orresponding form fator predition.














Figure 5.5: Two-partilethree-partile form fators in Lee-Yang model. Dots orrespond to
TCSA data, while the lines show the orresponding form fator predition.
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Figure 5.6: Three-partilethree-partile and four-partilefour-partile form fators in Lee-
Yang model. Dots orrespond to TCSA data, while the lines show the orresponding form
fator predition.












































Figure 5.7: Three-partilefour-partile form fators in Lee-Yang model. Dots orrespond to
TCSA data, while the lines show the orresponding form fator predition.
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whih are ompared against form fators
FΨm+n(θ̃
′
m + iπ, . . . , θ̃
′
1 + iπ, θ̃1, . . . , θ̃n)jm...j1i1...in
where θ̃i and θ̃
′
j denote the rapidities obtained as solutions of the appropriate Bethe-Yang
equations at the given value of the volume. We hose states for whih the neessary form
fator solution was already known (and given in [37℄) i.e. we did not onstrut new form
fator solutions ourselves.
One-partileone-partile form fators are shown in gure 5.8; these provide another nu-
merial test for the two-partile form fators examined previously in subsetion 4.2.2. One-
partiletwo-partile form fators, besides testing again the three-partile form fator A1A1A1
(gure 5.9 (a)) also provide information on A1A1A2 (gure 5.9 (b)).
Finally, one-partilethree-partile and two-partiletwo-partile matrix elements an be
ompared to the A1A1A1A1 form fator, whih again shows that by onsidering general matrix
elements we an go substantially higher in the form fator tree than using only elementary
form fators.
We remark that the usps on the horizontal axis in the form fator plots orrespond to
zeros where the form fators hange sign; they are artifats introdued by taking the absolute
value of the matrix elements. The pattern of numerial deviations between TCSA data and
exat form fator preditions is fully onsistent with the disussion in the losing paragraphs
of subsetions 4.2.2 and 4.3.2. The deviations in the saling region are around 1% on average,
with agreement of the order of 10−3 in the optimal range.
6 Conlusions
In this work we gave an expression for the matrix elements of loal operators between general
multi-partile states in nite volume whih is valid to any order in the expansion in the inverse
of the volume 1/L. It was shown in setion 2.2 using a very general argument that all the
remaining volume dependene is non-analyti in 1/L (it is given by residual nite size eets
vanishing exponentially with inreasing volume). It is also lear that the derivation itself
does not depend on integrability, neither it is restrited to 1 + 1 dimensional eld theories
and therefore relations (2.16) and (2.20) an be extended to general quantum eld theories
(substituting the rapidities with appropriate kinematial parametrization and the ρn with the
proper state densities), with the only ondition that their spetrum of exitations must possess
a mass gap.
1+1 dimensional integrable eld theories are speial in the respet that multi-partile states
in nite volume an be desribed using the Bethe-Yang equations (2.14) and so the n-partile
state density ρn an be obtained in the general losed form (2.17). Another important feature is
that there are exat results for matrix elements of loal operators in innite volume whih an
be obtained from the form fator bootstrap briey reviewed in setion 2.1. Therefore they are
ideal toy models to test ideas about nite size orretions. Suh an approah is also interesting
due to a fundamental property of the bootstrap, namely that it is only indiretly related to
the atual Lagrangian (or Hamiltonian) eld theory. As we disussed in the introdution,
testing the onjetured form fators against eld theory usually involves alulating two-point
funtions using spetral representations, or sum rules derived from suh expansions; however,
diret non-perturbative omparison of the atual form fators to matrix elements omputed




































(b) A1 − A2 matrix elements
Figure 5.8: One-partileone-partile form fators in the Ising model. Dots orrespond to












































(b) A1 − A1A2 matrix elements
Figure 5.9: One-partiletwo-partile form fators in the Ising model. Dots orrespond to














































(b) A1A1 − A1A1 matrix elements
Figure 5.10: One-partilethree-partile and two-partiletwo-partile form fators in the Ising
model. Dots orrespond to TCSA data, while the lines show the orresponding form fator
predition.
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Using TCSA we were able to give an extensive and diret numerial omparison between
bootstrap results for form fators and matrix elements evaluated non-perturbatively. One of
the advantages is that we an ompare matrix elements diretly, without using any proxy (suh
as a two-point funtion or a sum rule); the other is the very high preision of the omparison
and also that it is possible to test form fators of many partiles whih have never been
tested using spetral sums, mostly due to the fat that usually their ontribution to spetral
expansions is extremely small, and evaluating it also involves alulating multidimensional
integrals to very high preision, whih a numerially diult task. The seond problem is
atually related to the rst, sine due to the smallness of the ontribution from higher partile
terms all the lower ones must be evaluated to suiently high preision. Our approah, in
ontrast, makes it possible to have a test of entire one-dimensional setions of the form fator
funtions using the volume as a parameter, and the number of available setions only depends
on our ability to identify multi-partile states in nite volume.
Our results an also be viewed in the ontext of nite volume form fators [15℄ (whih is
also related to the problem of nite temperature form fators; for a review on the latter see [16℄
and referenes therein). The relations (2.16, 2.20) give nite volume form fators expressed
with their innite volume ounterparts to all orders in 1/L (where L denotes the volume), i.e.
up to exponentially deaying terms in L. This gives nite volume form fators in large volume
with very high preision. On the other hand, what we determine numerially in TCSA are
atually the nite volume form fators themselves, whih is an approah that primarily works
in small enough volume due to the trunation errors. In the Lee-Yang ase, the ombination
of the two approahes gives the nite volume form fators involving up to four partiles with
better than 10−3 relative preision, as demonstrated by the exellent agreement in the saling
region of TCSA where their domains of validity overlap. For the Ising model the numerial
preision is not as good, but with some are a preision of around 10−3 an be ahieved for
most of the matrix elements onsidered in this paper.
An open question whih is not disussed in this paper is the ase of matrix elements with
disonneted piees. Results on suh matrix elements are already available, but we postpone
them to a followup paper [20℄ where we also plan to disuss many theoretial issues related to
rossing and disonneted ontributions in nite volume.
Aknowledgments
We wish to thank Z. Bajnok and L. Palla for useful disussions. This researh was partially
supported by the Hungarian researh funds OTKA T043582, K60040 and TS044839. GT was
also supported by a Bolyai János researh sholarship.
Referenes
[1℄ A.B. Zamolodhikov and Al.B. Zamolodhikov, Annals Phys. 120 (1979) 253-291.
[2℄ G. Mussardo, Phys. Rept. 218 (1992) 215-379.
[3℄ M. Karowski and P. Weisz, Nul. Phys. B139 (1978) 455.
B. Berg, M. Karowski and P. Weisz, Phys. Rev. D19 (1979) 2477.
M. Karowski, Phys. Rep. 49 (1979) 229.
44
[4℄ F.A. Smirnov: Form-fators in ompletely integrable models of quantum field
theory, Adv. Ser. Math. Phys. 14 (1992) 1-208.
[5℄ J.L. Cardy and G. Mussardo, Nul. Phys. B340 (1990) 387-402.
[6℄ A. Koubek and G. Mussardo, Phys. Lett. B311 (1993) 193-201, hep-th/9306044.
[7℄ A. Koubek, Nul. Phys. B428 (1994) 655-680, hep-th/9405014.
[8℄ A. Koubek, Nul. Phys. B435 (1995) 703-734, hep-th/9501029.
[9℄ F.A. Smirnov, Nul. Phys. B453 (1995) 807-824, hep-th/9501059.
[10℄ V.P. Yurov and Al.B. Zamolodhikov, Int. J. Mod. Phys. A6 (1991) 3419-3440.
[11℄ Al.B. Zamolodhikov, Nul. Phys. B348 (1991) 619-641.
[12℄ A.B. Zamolodhikov, Pis'ma Zh Eksp. Theor. Fiz. 43 (1986) 565. (JETP Lett. 43 (1986)
730.)
[13℄ J.L. Cardy, Phys. Rev. Lett. 60 (1988) 2709.
A. Cappelli, D. Friedan and J.I. Latorre, Nul. Phys. B352 (1991) 616-670.
D.Z. Freedman, J.I. Latorre and X. Vilasis, Mod. Phys. Lett. A6 (1991) 531-542.
[14℄ G. Delno, P. Simonetti and J.L. Cardy, Phys. Lett. B387 (1996) 327-333, hep-
th/9607046.
[15℄ F.A. Smirnov, hep-th/9802132.
V.E. Korepin and N.A. Slavnov, Int. J. Mod. Phys. B13 (1999) 2933-2942, math-
ph/9812026.
G. Mussardo, V. Riva, and G. Sotkov, Nul. Phys. B670 (2003) 464-578, hep-th/0307125.
[16℄ B. Doyon, SIGMA 3 (2007) 011, hep-th/0611066.
[17℄ G. Takás and B. Pozsgay, Nul. Phys. B748 (2006) 485-523, hep-th/0604022.
[18℄ V.P. Yurov and Al.B. Zamolodhikov, Int. J. Mod. Phys. A5 (1990) 3221-3246.
[19℄ L. Lellouh and M. Lüsher, Commun. Math. Phys. 219 (2001) 31-44, hep-lat/0003023.
[20℄ B. Pozsgay and G. Takás: Form fators in finite volume II: disonneted
terms and finite temperature orrelators, arXiv: 0706.3605 [hep-th℄.
[21℄ M. Lüsher, Commun. Math. Phys. 104 (1986) 177.
[22℄ T.R. Klassen and E. Melzer, Nul. Phys. B362 (1991) 329-388.
[23℄ M. Lüsher, Comm. Math. Phys. 105 (1986) 153-188.
[24℄ G. Delno and G. Mussardo, Nul. Phys. B455 (1995) 724-758, hep-th/9507010.
[25℄ C.J.D. Lin, G. Martinelli, C.T. Sahrajda and M. Testa, Nul. Phys. B619 (2001) 467-
498, hep-lat/0104006.
[26℄ B. Pozsgay, work in progress.
45
[27℄ H. Saleur, Nul. Phys. B567 (2000) 602-610, hep-th/9909019.
[28℄ Al.B. Zamolodhikov, Nul. Phys. B342 (1990) 695-720.
[29℄ J.L. Cardy and G. Mussardo, Phys. Lett. B225 (1989) 275-278.
[30℄ H. Kaush, G. Takás and G. Watts, Nul. Phys. B489 (1997) 557-579, hep-th/9605104.
[31℄ A.B. Zamolodhikov, Advaned Studies in Pure Mathematis 19 (1989) 641; Int. J. Mod.
Phys. A3 (1988) 743.
[32℄ V.A. Fateev, Phys. Lett. B324 (1994) 45-51.
[33℄ V. P. Yurov and Al.B. Zamolodhikov, Int. J. Mod. Phys. A6 (1991) 4557-4578.
[34℄ G. Delno and P. Simonetti, Phys. Lett. B383 (1996) 450-456, hep-th/9605065.
[35℄ G. Delno, P. Grinza and G. Mussardo, Nul. Phys. B737 (2006) 291-303, hep-
th/0507133.
[36℄ V.A. Fateev, S. Lukyanov, A.B. Zamolodhikov and Al.B. Zamolodhikov, Nul. Phys.
B516 (1998) 652-674, hep-th/9709034.
[37℄ http://people.sissa.it/~delfino/isingff.html
[38℄ R. Guida and N. Magnoli, Phys. Lett. B411 (1997) 127-133, hep-th/9706017.
[39℄ D. Fioravanti, G. Mussardo and P. Simon, Phys. Rev. E63 (2001) 016103, ond-
mat/0008216.
[40℄ G. Delno, J. Phys. A34 (2001) L161-L168, hep-th/0101180.
[41℄ Z. Bajnok, L. Palla, G. Takás and F. Wágner, Nul. Phys. B587 (2000) 585-618, hep-
th/0004181.
[42℄ K. Rummukainen and S.A. Gottlieb, Nul. Phys. B450 (1995) 397-436, hep-lat/9503028.
46
